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Abstract
In analogy to a previous result of Dlab–Heath–Marko on quasi-hereditary algebras, the paper
provides sufficient and necessary conditions for particular endomorphism algebras to be properly
stratified.
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1. Introduction
Properly stratified algebras are related to the Futorny–König–Mazorchuk category of
Lie representations [6] in a similar way as quasi-hereditary algebras to the category O
of Bernstein–Gelfand–Gelfand. Let us add that the class of properly stratified algebras is
naturally defined in terms of recollement of the respective derived categories of bounded
complexes [4]. The impact of Dlab–Heath–Marko paper [5] on the theory of stratified
algebras (cf. the seminal memoirs of Cline–Parshall–Scott [2]) suggests that the present
result may play a similar role in more general situations.
The role of the endomorphism algebras in the structure of the category O has been
already amplified by Soergel in his paper [9]. There, the algebra for the principal block
of the category O is constructed algebraically as an endomorphism ring of a commuta-
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(Yoneda) Ext-algebras associated to perverse sheaves may be viewed as endomorphism al-
gebras of corresponding hypercohomology modules of the commutative cohomology ring
of the underlying space. His work suggests that many, if not most, representation theory
categories realizable in terms of perverse sheaves, should have Ext-algebras realizable in
terms of endomorphism rings associated to commutative algebras. This argues for more
in depth studies concentrating on the commutative case. The present paper, as the sequel
to [5], should be seen in this light.
2. Statements
Throughout this paper, K denotes an algebraically closed field and R a finite dimen-
sional commutative local self-injective K-algebra. Furthermore, A denotes the endomor-
phism algebra of a direct sum X of pairwise nonisomorphic local–colocal R-modules X(i),
1  i  n, i.e., R-modules such that both X(i)/ radX(i) and socX(i) are simple. Write,
for each 1 i  n, ei = pimi , where pi :X → X(i) and mi :X(i) → X are the canonical
projection and embedding, respectively. Thus
AA =
n⊕
i=1
eiA
is the right regular representation of the basic algebra A; moreover,P(i) = eiA, and S(i) =
eiA/ radeiA are the right indecomposable projective and simple A-modules, respectively.
Now, for each i , 1  i  n, there is a unique submodule X(i) of RR that is isomor-
phic to X(i). Thus X(i) is a local ideal of R. Observe that, for a given homomorphism
f :X(i) → X(j), the respective f :X(i) → X(j) can be extended to a module homo-
morphism of R to R and is therefore given by a multiplication (by a fixed element).
Consequently, f (X(i)) ⊆ X(i), and thus f ((X(i)) is isomorphic to a submodule of X(i).
Hence, we get immediately the following proposition.
Proposition 2.1 (See [5]). Let X(i) and X(j) be local–colocal R-modules. The following
three statements are equivalent:
(1) X(i) ⊆ X(j) ⊆ R;
(2) there is a monomorphism from X(i) to X(j);
(3) there is an epimorphism from X(j) to X(i).
Furthermore, as in [5], since HomK(X(i),K)  X(i), the algebra A possesses an in-
volution ∗ :A → A such that e∗i = ei for all 1  i  n. Hence, there is a duality functor
D : mod-A → mod-A such that
D
(
S(i)
) S(i) for all 1 i  n.
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of algebras by standard and properly standard modules.
Given (A, e), i.e., a K-algebra A together with an ordered complete sequence of prim-
itive orthogonal idempotents e = (e1, e2, . . . , en), the sequence of the right standard A-
modules which is defined by
∆ = (∆(1),∆(2), . . . ,∆(n)),
where
∆(i) = eiA/ei radA(ei+1 + ei+2 + · · · + en)A, 1 i  n.
Similarly, the sequence of the left standard A-modules
∆o = (∆o(1),∆o(2), . . . ,∆o(n))
is defined. Furthermore,
∆¯ = (∆¯(1), ∆¯(2), . . . , ∆¯(n)),
where
∆¯(i) = eiA/ei radA(ei + ei+1 + · · · + en)A, 1 i  n,
is the sequence of the right proper standard A-modules. Again
∆¯o = (∆¯o(1), ∆¯o(2), . . . , ∆¯o(n))
is defined similarly.
In the sequel, we shall deal with the following classes of algebras.
Definition 2.2 (See [1–4]). An algebra (A, e) is called
(i) quasi-hereditary, if AA ∈F(∆) and ∆ = ∆¯;
(ii) properly stratified, if AA ∈F(∆¯) ∩F(∆);
(iii) standardly stratified, if AA ∈F(∆¯).
Here, the symbol MA ∈ F(Ω) means the right A-module M is filtered by A-modules
from a family Ω , i.e., there is a finite chain of submodules
MA = M1 ⊃ M2 ⊃ · · · ⊃ Mt ⊃ Mt+1 ⊃ · · · ⊃ Md+1 = 0
such that Mt/Mt+1 ∈ Ω for all 1 t  d .
Trivially, every quasi-hereditary algebra is properly stratified and every properly strati-
fied algebra is standardly stratified.
66 X. Chen, V. Dlab / Journal of Algebra 283 (2005) 63–79Let us remark that our concept of standardly stratified algebras is a particular case of
the general concept of Cline–Parshall–Scott in [2], where the existence of a complete set
of idempotents is not required.
In view of the main result of [4] (see also [8]), namely, that
AA ∈F(∆¯) if and only if AA ∈F
(
∆o
)
,
we have the following proposition.
Proposition 2.3. Let (A, e) be a K-algebra with duality D : mod-A → mod-A such that
D(S)  S for all simple A-modules. Then AA ∈ F(∆) if and only if AA ∈ F(∆¯). Conse-
quently (A, e) is standardly stratified if and only if it is properly stratified.
Now we are ready to state the main theorem of this paper.
Theorem 2.4. Let R be a commutative local self-injective algebra over an algebraically
closed field K . Let X = (X(1) = R,X(2), . . . ,X(n)) be a sequence of local–colocal R-
modules reflecting inclusions of the corresponding local ideals, i.e., X(i) ⊆ X(j) implies
j  i . Let X =⊕ni=1 X(i), A = EndR(X), and e = (e1, e2, . . . , en) be the sequence of the
canonical idempotents of A. Then (A, e) is a properly stratified algebra if and only if
(i) X(i) ∩ X(j) is generated by suitable X(t) of X for any 1 i, j  n;
(ii) X(j) ∩ (∑nt=j+1 X(t)) =∑nt=j+1(X(j) ∩X(t)) for any 1 j  n.
3. Proof of sufficiency
For each i , 1  i  n, since X(i) is a local ideal of R, there is some xi ∈ R such
that X(i) = Rxi . Since every R-homomorphism f :X(i) → X(j) can be extended to an
R-homomorphism of RR, f is given by multiplication. Thus (xi)f = rxi for a suitable
r ∈ R.
For 1  i  n, fix an isomorphism µi from X(i) to X(i). Write xi = (xi)µ−1i ;
thus, X(i) = Rxi . Given a homomorphism f :X(i) → X(j), we know that µ−1i f µj ∈
HomR(X(i),X(j)). The correspondence mapping f → µ−1i f µj is an R-isomorphism
between the R-modules HomR(X(i),X(j)) and HomR(X(i),X(j)). In what follows, for
any f ∈ HomR(X(i),X(j)), write f = µ−1i f µj . Thus for fg :X(i)
f−→ X(j) g−→ X(k),
clearly fg = f g.
The following R-homomorphisms will be used throughout the paper: if X(j) ⊆ X(k),
denote by mjk :X(j) ↪→ X(k) the canonical inclusion map (i.e., (xj )mjk = xj ), and by
pkj :X(k) → X(j) the projection given by (xk)pkj = xj . Correspondingly, we have a
monomorphism
mjk = µjmjkµ−1 :X(j) → X(k)k
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pkj = µkpkjµ−1j :X(k) → X(j).
Put, for any 1 i  n, Λi = {1 t  n | X(t) ⊆ X(i)}.
In addition to the indecomposable idempotents ei , 1  i  n, of the (basic) endomor-
phism algebra (A, e), we will consider also the idempotents εi = ei + ei+1 + · · · + en,
1 i  n; for convenience, put εn+1 = 0.
In this section, we are going to show that AA ∈ F(∆) and thus, in view of Proposi-
tion 2.3, that (A, e) is properly stratified.
The statement AA ∈ F(∆) will follow immediately from the following sequence of
lemmas, in which conditions (i) and (ii) of Theorem 2.4 are always assumed. Note that
condition (i) means that X(i) ∩X(j) =∑t∈Λi∩Λj X(t) for any 1 i, j  n.
Lemma 3.1. Every R-homomorphism f :X(i) → X(j) factors through the module⊕
t∈Λi∩Λj X(t).
Proof. We will find the factorization of the map f :X(i) → X(j). Since f is induced
by multiplication, there is an element r ∈ R such that (xi)f = rxi . We know Imf ⊆
X(i) ∩ X(j) =∑t∈Λi∩Λj X(t), hence rxi =∑t∈Λi∩Λj rt xi with rt xi ∈ X(t) for rt ∈ R.
For any t ∈ Λi ∩ Λj , let us define f t :X(i) → X(t) with (xi)f t = rtxi , then it is easy to
show that f t is a well-defined R-homomorphism. Hence, f =∑t∈Λi∩Λj f tmtj . Thus,
f = µifµ−1j =
∑
t∈Λi∩Λj
µif tµ
−1
t µtmtjµ
−1
j =
∑
t∈Λi∩Λj
ftmtj .
So we can write f = gh, with
g = (ft )t∈Λi∩Λj :X(i) −→
⊕
t∈Λi∩Λj
X(t) and
h = (mtj )Tt∈Λi∩Λj :
⊕
t∈Λi∩Λj
X(t) → X(j),
as required. 
Lemma 3.2. If an R-homomorphism f :X(i) → X(j) with X(i) ⊆ X(j) cannot be fac-
tored through
⊕n
t=i+1 X(t), then for any X(j) ⊆ X(k), fmjk :X(i) f−→ X(j)
mjk−−→ X(k)
cannot be factored through ⊕nt=i+1 X(t).
Proof. Let
fmjk = X(i) f−→ X(j) mjk−−→ X(k) = X(i) (···gt ···)−−−−→
n⊕
X(t)
(···ht ···)T−−−−−→ X(k).t=i+1
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⊕
s∈Λi\{i} X(s) such that
fmjk = X(i) (···g
′
s ···)−−−−→
⊕
s∈Λi\{i}
X(s)
(···h′s ···)T−−−−−→ X(k).
This follows from the fact that each gt can be factored through
⊕
s∈Λi\{i} X(s) by
Lemma 3.1, and the fact that all such X(s) satisfy X(s) ⊆ X(k).
Since each h′s can be written in the form h′s = h′′s msk , where h′′s is an endomorphism of
X(s), we have
fmjk =
∑
s∈Λi\{i}
g′sh′s =
∑
s∈Λi\{i}
g′sh′′s msjmjk,
and thus,
f =
∑
s∈Λi\{i}
g′sh′′s msj ,
a contradiction. 
Lemma 3.3. If an R-homomorphism f :X(j) → X(k) with X(j) ⊆ X(k) cannot be fac-
tored through
⊕n
t=j+1 X(t), then for any X(j) ⊆ X(i), pij f :X(i)
pij−−→ X(j) f−→ X(k)
also cannot be factored through ⊕nt=j+1 X(t).
Proof. For any local module X(k), we have X(k) ⊆ X(1) = R. So if
pij fmk1 :X(i)
pij−−→ X(j) f−→ X(k) mk1−−→ X(1)
cannot be factored through
⊕n
t=j+1 X(t), then pij f cannot be factored through⊕n
t=j+1 X(t).
If pij fmk1 can be factored through
⊕n
t=j+1 X(t), then there exists a morphism
g = (gj+1, gj+2, . . . , gn) :X(i) −→
n⊕
t=j+1
X(t) and
h = (hj+1, hj+2, . . . , hn)T :
n⊕
t=j+1
X(t) −→ X(1)
such that pij fmk1 = gh. Since the corresponding homomorphisms f , gt , and ht are in-
duced by multiplication, we have (xj )f = rxj , (xi)gt = rtxi , and (xt )ht = rt ′xt , for
j + 1 t  n with r, rt , rt ′ ∈ R. Since pij fmk1 = gh =∑nt=j+1 gtht , we know
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n∑
t=j+1
rt
′rt xi ∈ X(j) ∩
(
n∑
t=j+1
X(t)
)
.
By the condition (ii),
X(j)∩
(
n∑
t=j+1
X(t)
)
=
n∑
t=j+1
(
X(j) ∩ X(t)),
and thus, rxj =∑nt=j+1 r ′′t xj , with r ′′t xj ∈ X(j) ∩ X(t) for j + 1  t  n and r ′′t ∈ R.
Define g′t :X(j) → X(t) by (xj )g′t = r ′′t xj , hence fmk1 =
∑n
t=j+1 g′tmt1. Therefore
fmk1 = ∑nt=j+1 g′tmt1, consequently, fmk1 can be factored through ⊕nt=j+1 X(t) and
by Lemma 3.2, f can be factored through
⊕n
t=j+1 X(t), a contradiction. The lemma fol-
lows. 
Lemma 3.4. Let 1  i < j  n. If X(j)  X(i), then eiAεjA/eiAεj+1A = 0. If X(j) ⊆
X(i), then eiAεjA/eiAεj+1A  ∆(j).
Proof. If X(j)  X(i), then, by Lemma 3.1, any homomorphism from X(i) to X(j) can
be factored through
⊕
s∈Λi∩Λj X(s). But Λi ∩Λj ⊆ Λj \ {j } ⊆ {j + 1, j + 2, . . . , n}, and
therefore eiAejA ⊆ eiAεj+1A; thus, eiAεjA = eiAεj+1A.
If X(j) ⊆ X(i), we know that pij is the surjective homomorphism from X(i) to X(j)
which maps xi to xj = rxi for some r ∈ R. Given any homomorphism h :X(i) → X(j),
suppose (xi)h = r ′xi for some r ′ ∈ R. Since Imh ⊆ X(j), there exists some rj ∈ R such
that (xi)h = r ′xi = rj xj . Hence we can write h = pij q with q :X(j) → X(j), (xj )q =
rj xj . As a consequence, we have the corresponding homomorphism h :X(i) → X(j),
h = pij q with q an endomorphism of X(j). Thus defining the element πij = pipijmj
in A, it is easy to show that ejA  eiπij ejA, ejAεj+1A  eiπij ejAεj+1A, eiAejA =
eiπij ejA  ejA and ∆(j)  eiπij ejA/eiπij ejAεj+1A.
We know that eiAεjA/eiAεj+1A is isomorphic to a quotient of P(j) = ejA, since
eiAεjA/eiAεj+1A  eiAejA/eiAεj+1A∩ eiAejA.
So to complete the proof, we need to show
eiπij ejAεj+1A = eiAεj+1A ∩ eiAejA,
or equivalently
eiπij ejAεj+1Ael ⊇ eiAεj+1Ael ∩ eiAejAel = eiAεj+1Ael ∩ eiπij ejAel
for every 1 l  n.
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(1) If X(l) ⊂ X(j), then l > j and X(l) is a direct summand of ⊕nt=j+1 X(t). It is trivial
that eiπij ejAel ⊆ eiπij ejAεj+1Ael .
(2) If X(l) and X(j) are incomparable, then any homomorphism from X(j) to X(l) can
be factored through
⊕
s∈Λj∩Λl X(s) by Lemma 3.1. But Λj ∩Λl ⊆ Λj \ {j } ⊆ {j +1,
j + 2, . . . , n}. So eiπij ejAel ⊆ eiπij ejAεj+1Ael .
(3) If X(j) ⊆ X(l), then the elements of eiAεj+1Ael are sums of homomorphism a
of the form a = pighml where g :X(i) → ⊕nt=j+1 X(t) and h :⊕nt=j+1 X(t) →
X(l). Moreover, if a ∈ eiπij ejAel , then a = pipij fml for some homomorphism
f :X(j) → X(l). Thus, gh = pij f can be factored through ⊕nt=j+1 X(t). But
then, by Lemma 3.3, also f can be factored through
⊕n
t=j+1 X(t), and thus a ∈
eiπij ejAεj+1Ael .
In all the three cases, we have shown that
eiAεj+1Ael ∩ eiAejAel ⊆ eiπij ejAεj+1Ael.
It follows that eiAεj+1A∩ eiAejA = eiπij ejAεj+1A. 
Remark 3.5. The direct consequence of the above lemma is the fact that (A, e) is properly
stratified. Moreover, the projective modules P(i), 1 i  n, have the following property:
if [P(i) :∆(j)] = 0, then X(j) ⊆ X(i).
Remark 3.6. In view of Lemmas 3.1 and 3.4, the structure of proper standard modules and
standard modules can be described explicitly. For every i ∈ Λ,
B(i) = {pimijmj ∣∣X(i) ⊆ X(j)}
is a K-basis for the right proper standard module ∆¯(i). Moreover,
B(i) = {piαtmijmj ∣∣X(i) ⊆ X(j)}
is a K-basis of ∆(i) where {αt | 1 t  di} is a K-basis of
{
α ∈ EndR
(
X(i)
) ∣∣∣∣ α cannot be factored through
n⊕
t=i+1
X(t)
}
.
In fact,
∆¯(i) = eiA/ei radA
(∑
et
)
A and ∆(i) = eiA/eiA
( ∑
et
)
A.t∈Λi t∈Λi\{i}
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position factors of the proper standard module:
[
∆¯(i) : S(k)]= {1 if X(i) ⊆ X(k),0 otherwise.
4. Proof of necessity
Throughout this section, we assume that the endomorphism algebra (A = EndR(X), e)
is a properly stratified algebra of Theorem 2.4. Note that the so-called Bernstein–Gelfand–
Gelfand reciprocity relations reads as follows.
Proposition 4.1. Let (A, e) be a properly stratified algebra of Theorem 2.4. Then
(i) [P(i) : ∆(j)] = [∆¯(j) : S(i)] for all 1 i, j  n;
(ii) [P(i) : ∆¯(j)] = [∆(j) : S(i)] for all 1 i, j  n.
Proof. The statement follows immediately from [1, Theorem 2.5] in combination with the
existence of dualityD : mod-A → mod-A that fixes the simple modules. 
The conditions (i) and (ii) of Theorem 2.4 will be proved in Lemmas 4.2 and 4.4.
Lemma 4.2. Let (A, e) be a properly stratified algebra of Theorem 2.4. Then
X(i) ∩ X(j) =
∑
t∈Λi∩Λj
X(t) for all 1 i, j  n.
Proof. The statement will be proved by induction.
First, X(n) ⊆ X(i) for every 1  i  n − 1. This follows from the fact that there is a
nonzero homomorphism of X(n) to every X(i), and thus[
∆¯(n) : S(i)] = 0 for all 1 i  n − 1.
Therefore, [P(i) : ∆(n)] = 0 for all 1 i  n− 1 by Proposition 4.1; this means that there
is an epimorphism from X(i) to X(n). Thus, there is, by Proposition 2.1, a monomorphism
from X(n) to X(i), as required.
Now, assume i is the largest index such that there is j > i with X(j)  X(i) and X(i)∩
X(j) =∑t∈Λi∩Λj X(t) = Y i,j ; let j be the maximal with this property. Choose x ∈ X(i)∩
X(j) such that
x + Y i,j ∈ soc
(
X(i) ∩ X(j)
Y i,j
)
.
Define two homomorphisms f :X(i) → X(j) and g :X(j) → X(i) with (xi)f = x
and (xj )g = x . Correspondingly, since x /∈ Y i,j , f and g cannot be factored through
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t=j+1 X(t). Hence [P(i) : ∆(j)] = 0 and [∆(j) : S(i)] = 0. Moreover, since A is
properly stratified, [∆¯(j) : S(i)] = 0. The homomorphism f defines a copy of ∆¯(j)
which appears in a ∆¯-filtration of P(i). For any given element r ∈ radR, rx ∈ Y i,j .
Since X(j)  X(i), given any homomorphism h :X(j) → X(i), h cannot be a monomor-
phism and thus is induced by multiplication by an element in radR. Consequently, fh
is factored through
⊕n
t=j+1 X(t) which implies that S(i) is not the composition factor
in the copy of ∆¯(j) induced by f . This fact contradicts P(i) ∈ F(∆) ∩ F(∆¯). Thus,
X(i) ∩X(j) =∑t∈Λi∩Λj X(t) for all 1 i, j  n. The proof is completed. 
Lemma 4.3. Let (A, e) be a properly stratified algebra of Theorem 2.4. Then, for each
1 i  n,[
∆¯(i) : S(k)] = 0 if X(i) ⊆ X(k); [∆¯(i) : S(k)]= 0 otherwise.
Proof. Let k < i . If X(i) ⊆ X(k), then mik cannot be factored through ⊕nt=i+1 X(t).
Consequently, [∆¯(i) : S(k)] = 0. Since, every homomorphism from X(i) to X(k) which
is not a monomorphism can be factored through an endomorphism mapping X(i) into
radX(i), [∆¯(i) : S(k)] = 1.
On the other hand, if X(i)  X(k), then by Lemma 4.2, X(i)∩X(k) =∑t∈Λi∩Λk X(t)
and thus every homomorphism from X(i) to X(k) can be factored through
⊕
t∈Λi∩Λk X(t).
Consequently, in this case, [∆¯(i) : S(k)] = 0. 
Lemma 4.4. Let (A, e) be a properly stratified algebra of Theorem 2.4. Then
X(j) ∩
(
n∑
t=j+1
X(t)
)
=
n∑
t=j+1
(
X(j) ∩X(t)) for any 1 j  n.
Proof. We need to show
X(j)∩
(
n∑
t=j+1
X(t)
)
⊆
∑
k∈Λj \{j}
X(k).
Indeed, the opposite inclusion is trivial, and by Lemma 4.2,
n∑
t=j+1
(
X(j) ∩X(t))= ∑
k∈Λj \{j}
X(k).
First, we are going to show that
e1π1j ejAεj+1A = e1π1j ejA
( ∑
t∈Λj\{j}
et
)
A = e1AejA ∩ e1Aεj+1A;
recall that π1j = p1pijmj of Lemma 3.4.
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with h′ :X(j) → X(j), e1AejA = e1π1j ejA = e1π1j ejAεjA  ejA and e1AejAεj+1A =
e1π1j ejAεj+1A  ejAεj+1A. Then,
∆(j) = ejA/ejAεj+1A  e1π1j ejAεjA/e1π1j ejAεj+1A = e1AejA/e1AejAεj+1A.
Since X(j) ⊆ X(1) = R, we get that [P(1) : ∆(j)] = [∆¯(j) : S(1)] = 1 for all 1 
j  n by Lemma 4.3. It follows that
∆(j)  e1AεjA/e1Aεj+1A  e1AejA/e1AejA∩ e1Aεj+1A.
Now e1AejAεj+1A ⊆ e1AejA ∩ e1Aεj+1A yields
e1AejAεj+1A = e1π1j ejAεj+1A = e1AejA ∩ e1Aεj+1A.
Moreover, by Proposition 4.1 and Lemma 4.3, [P(j) : ∆(k)] = 0 only for k ∈ Λj , and
therefore, ejAεj+1A = ejA(∑t∈Λj \{j} et )A. Thus,
e1π1j ejAεj+1A = e1π1j ejA
( ∑
t∈Λj\{j}
et
)
A = e1AejA ∩ e1Aεj+1A.
Let x ∈ X(j) ∩ (∑nt=j+1 X(t)). Then there exist rl ∈ R for j  l  n such that x =
rj xj =∑nt=j+1 rt xt . We can define two maps
X(1)
p1j−−→ X(j) f−→ X(j) mj1−−→ X(1)
with (xj )f = rj xj and
X(1) g−→
n⊕
t=j+1
X(t)
m−→ X(1)
with
g = (p1(j+1)gj+1,p1(j+2)gj+2, . . . , p1ngn) and
m = (m(j+1)1,m(j+2)1, . . . ,mn1)T
such that (xt )gt = rt xt for all j + 1  t  n. It follows that gm = p1j fmj1. For the
corresponding homomorphism of local modules,
p1p1j fmj1m1 ∈ e1AejA ∩ e1Aεj+1A = e1π1j ejA
( ∑
t∈Λ \{j}
et
)
A.j
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⊕
t∈Λj \{j} X(t).
Thus x ∈∑t∈Λj\{j} X(t) and therefore
X(j)∩
(
n∑
t=j+1
X(t)
)
=
∑
t∈Λj\{j}
X(t) =
n∑
t=j+1
(
X(j) ∩X(t)). 
5. Properties and examples
Properly stratified algebras constructed in the previous section enjoy some additional
properties.
The following lemma establishes a relationship between our result and that of [5] on
quasi-hereditary algebras.
Proposition 5.1. Let A = EndR(X), with X as in Theorem 2.4. Let, moreover, dimK R = n.
Then A is quasi-hereditary.
Proof. Condition (ii) implies that the set {x(i) | 1  i  n} is K-linearly independent.
Thus, dimK R  n. Now
dimK R =
[
P(1) : S(1)]= n∑
i=1
[
P(1) : ∆(i)][∆(i) : S(1)]
and [P(1) : ∆(i)] = [∆¯(i) : S(1)] = 1 for all 1  i  n by Lemma 4.3. If dimk R = n,
[∆(i) : S(1)] = 1 for all 1  i  n. This implies ∆(i) = ∆¯(i). Hence (A, e) is quasi-
hereditary by Definition 2.2. 
Proposition 5.2. Let R, X, and A be as in Theorem 2.4. Considering X as a (right) A-
module, we have R  EndA(XA).
Proof. Define the map µ :R → HomA(XA,XA)opp by mapping r to µr :x → rx . Clearly,
µ is a monomorphism. In fact, we are going to show that µ is also an epimorphism.
If ρ ∈ EndA(XA,XA)opp, then ρ(xei) = ρ(x)ei (where ei is the idempotent pimi ) and
so ρ(X(i)) ⊆ X(i). Hence ρ1 = ρ |X(1) is an e1Ae1-endomorphism of X(1) and R 
EndR(X(1),X(1))  e1Ae1. Consequently, ρ1 is of the form r → sr for some s ∈ R. Now
let p1i :X(1)  R → X(i) be the epimorphism corresponding to p1i and let the element
π1i ∈ A be defined as in the Lemma 3.4 for any 1 i  n. Then
ρ(x1) =
n∑
i=1
ρ(xei) =
n∑
i=1
ρ
((
x ′i
)
π1i
)= n∑
i=1
(
ρ
(
x ′i
))
π1i =
n∑
i=1
(
sx ′i
)
π1i = sx. 
Similarly as in Proposition 5.2, the following Propositions 5.3–5.5 all assume R, X, and
A as in Theorem 2.4.
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composable summands of XA is equal to the number of orthogonal primitive idempotents
of R. Since R is a local algebra, we have the following proposition.
Proposition 5.3. The module XA is indecomposable. In fact, XA  e1A and XA ∈F(∆)∩
F(∆¯).
Proof. Since A = EndR(RX, RX), we have
e1AA  HomR(RR, RX)A  XA. 
Proposition 5.4. The indecomposable projective module P(j) is isomorphic to a submod-
ule of P(1) for every 1 j  n.
Proof. In fact, in proof of Lemma 3.4 we have shown this statement, since e1π1j ejA 
ejA. 
Let I (i) be the right indecomposable injective A-modules for all 1 i  n.
Proposition 5.5. P(1)  I (1), i.e., P(1) is projective–injective. Moreover, P(1) is the
unique indecomposable projective–injective module.
Proof. Let ξ ∈ P(1) = e1A, ξ :X p1−→ X(1) ξ1j−−→ X(j) mj−−→ X. Since X(j) ⊆ X(1) = R
for all 1 j  n, we can write
ξ :X
p1−→ X(1) ξ1j−−→ X(j) m1j−−→ X(1) m1−−→ X.
Now consider the map ζ ∈ Ae1 given by
ζ :X
p1−→ X(1) p1j−−→ X(j) Dξ1j−−−→ X(1) m1−−→ X,
where D = HomK( ,K). It is easy to see that ξ ∈ HomK(Ae1,K)  I (1) and since
Dζ = ξ , it follows that P(1)  I (1). In fact, from the above we can see that e1A =
e1Ae1 = Ae1. For any other indecomposable projective module P(j) (j = 1), we have
topP(j)  S(j). Since P(j) is isomorphic to a submodule of P(1) and socP(1) 
soc I (1), we have socP(j)  S(1). Since A is basic, P(j) is not injective for any
j = 1. 
In what follows, we provide some illustrations of the main Theorem 2.4. On one hand,
we describe in detail the case when R = K[x]/〈xt〉, on the other hand, we underline the
differences to the situation when the endomorphism algebra A is quasi-hereditary. In ad-
dition, in Example 5.8 we point out the fact that there are other R-modules X than those
described in Theorem 2.4 whose endomorphism algebras A = EndR(X) are properly strat-
ified. To illustrate the regular representations of the constructed properly stratified algebra,
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able projective module is isomorphic to a submodule of P(1)).
Example 5.6. Let R = K[x]/〈xt〉, t  1. All the nonisomorphic local ideals are of the
form X(i) = 〈x¯i−1〉. Choosing any subset of local ideals which contains X(1) = R, the
endomorphism algebra of the corresponding direct sum of those local modules is properly
stratified. Indeed, one can see immediately that conditions (i) and (ii) are satisfied. More-
over, all proper standard modules ∆¯(i) are uniserial. In the general case, when we choose
X =⊕mi=1 X(ti) with m t and X(t1) = R, it is immediate to see that
∆¯ =
( )
1
1
2
, , . . . ,
...
1
2
m − 1
m



and thus the choice of ti ’s is only reflected in the structure of ∆(i)’s. Indeed, [∆(i) : S(i)] =
dimK X(ti) − dimK X(ti+1). In particular, if ti = i , 1 i  t , ∆¯ = ∆, i.e. (A, e) is quasi-
hereditary.
Let us add that the endomorphism algebra (A, e) of this example is quadratic if and only
if either (tj+1 − tj ) = 1 for all 1 j m− 1, or (tj+1 − tj ) = 2 for all 1 j m− 1 and
(t − tm) 1.
Example 5.7. Let R = K[x, y]/〈xy, x3 − y3〉.
(a) Let X =⊕5i+1 X(i) with X(1) = R, X(2) = 〈x¯2 + y¯2〉, X(3) = 〈y¯2〉, X(4) = 〈x¯2〉,
and X(5) = 〈x¯3〉. In this case the condition (ii) is not satisfied. Thus A = EndR(X) is not
properly stratified; in fact [P(1) : S(1)] = 6 while a ∆-filtration of P(1) would require
[P(1) : S(1)] = 7.
(b) Let X =⊕5i=1 X(i) with X(1) = R, X(2) = 〈x¯ + y¯〉, X(3) = 〈y¯〉, X(4) = 〈y¯2〉, and
X(5) = 〈x¯2〉. In this case the condition (i) is not satisfied. Thus, again, A is not properly
stratified.
(c) Let X =⊕5i=1 X(i) with X(1) = R, X(2) = 〈x¯ + y¯〉, X(3) = 〈y¯〉, X(4) = 〈y¯2〉, and
X(5) = 〈x¯3〉. In this case both conditions (i) and (ii) are satisfied. Under the natural order,
(A, e) is properly stratified and the proper standard modules and the stratification of the
projective module P(1) can be described as follows:
∆¯ =
( )
,1
1 1
1 1
, , , 2 3 , 2 3
2 3
4 4
5
 





 
 
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1 4 1
1 4 1
3 2
2 3
1
1












.
(d) Let X =⊕6i=1 X(i) with X(1) = R, X(2) = 〈x¯ + y¯〉, X(3) = 〈y¯〉, X(4) = 〈x¯2 + y¯2〉,
X(5) = 〈y¯2〉, and X(6) = 〈x¯3〉. Since dimK R = 6 and conditions (i) and (ii) are satisfied,
A is quasi-hereditary:
∆ = ∆¯ =
( )
1
1
2
1
3
, , ,
1
2
4
, 3
1
5
2 ,
3
1
5
6
2
4
 













and the projective module P(1) has the following filtration:
P(1) = 2 3 6 2 .
1 5 4 1
1 4 5 1
3 2
2 3
1
1


 










(e) To get a properly stratified algebra, it is not necessary to choose socR as a direct factor
of X. Let X =⊕ni=1 X(i) with X(1) = R, X(2) = 〈x¯ + y¯〉, X(3) = 〈y¯〉, X(4) = 〈y¯2〉. A is
properly stratified:
∆¯ =
( )
,1
1 1
1
, , , 2 3
2 3
4
 




and the stratification of the projective module P(1) is as follows:
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1 4 1
1 4 1
1
1
2 3
3 2











.
(f) The following example shows that ∆(i) = ∆¯(i) can happen for all 1 i  n. Let X =⊕3
i=1 X(i) with X(1) = R, X(2) = 〈x¯ + y¯〉 and X(3) = 〈y¯2〉. The algebra A is properly
stratified with
∆ = ∆¯ =and
( () )
, , , ,
1
1
1
2
1
2
1 3
1
2
2
3
1
1
2
2
1
3














	
and the stratification of projective module P(1) is as follows:
P(1) = 2
1
1
1
1
2
3
3
2
1
2
1








.
Example 5.8. The following example illustrates a general situation when the endo-
morphism algebra is properly stratified. Consider the four-dimensional algebra R =
K[x, y]/〈xy, x2 − y2〉. Let
X = R ⊕ (Rx¯ ⊕R/Rx¯2)/〈x¯2 − (y¯ + Rx¯2)〉⊕Rx¯2.
Thus, not all direct summands of X are local–colocal. It is easy to see that
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(
1
1
2
, ,
2
1
2
3 )




and that the right regular representation of A = EndR(X) allows the following filtrations:
.
1
2
2
3



1
2
⊕
3
2
1
1
2
2
2
2
3 1
⊕1
1
2
1
2
1
2
2
3AA =




 






 



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